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Exact and asymptotic formulas were used to compute the number of symmetries in several 
types of unlabeled trees with vertices of small degree. 
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In a d-tree, all vertices have degree at most d. The vertices of a (l,d)-tree have 
degree 1 or d. In the mini-series [2,3] both exact and asymptotic formulas were 
found for the number of vertices in these trees which have degree r and orbit size 
s. For d = 4 the asymptotic results were used to give a rough estimate of the expected 
value of the logarithm of the order of the automorphism group of a 4-tree. Asymp- 
totic estimates of the geometric mean of the group orders of 3-trees and 4-trees were 
established in [l]. 
Now we are able to determine both exact and asymptotic formulas for the ex- 
pected group order of these trees when d = 3 or 4. The method uses a two-variable 
logarithmic generating function, an approach that seems to have originated in the 
work of Etherington [4]. To illustrate, let t(x, y) be the generating function in two 
variables, x and y, such that the coefficient of x”ym is the number of d-trees (or 
(1, d)-trees) Tof order n in which m is the logarithm base 2 of the order of the auto- 
morphism group of T. Then t(x, 2) counts automorphisms in these trees. The easiest 
example involves the series xp(x, y) for planted (1,3)-trees because the order of the 
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Table 1. Constants for the asymptotic number of symmetries. 
Type (L3) 3 
c 1.075070098 1.688403749 
Q .3013986528 .3841733393 
Type (174) 4 
c .6245015364 1.020559405 
e .1166634603 .3190783173 
Table 2. Number of automorphisms for (1,3)-trees. 
vertices exact asymptotic rel.error 
60 1039134670952 100573 E07 -.032148 
70 278010905513408 271748 E09 -.022527 
80 78821355356607416 775368 El 1 -.016297 
90 23349194117153492016 230571 El4 -.012509 
100 7153568644231221969760 708266 El6 -.009912 
Table 3. Number of automorphisms for 3-trees. 
vertices exact asymptotic rel.error 
30 997758788 997370 E03 -.000389 
40 6907362937687 693805 E07 - .004443 
50 56409655488848540 567140 El1 -.005395 
60 510635048525607184087 513410 El5 -.005435 
70 4961014652510787795123690 498684 El9 -.005206 
Table 4. Number of automorphisms for (1,4)-trees. 
vertices exact asymptotic rel.error 
41 28794737664 130459 E05 -.546935 
47 962354727936 665358 E06 -.308615 
53 112061234884608 355181 E08 -.683047 
59 2592919032274944 196473 El0 -.242271 
65 140498248288886784 111827 El2 -.204070 
Table 5. Number of automorphisms for 4-trees. 
vertices exact asymptotic rel.error 
15 44013 32371 EOO -.264522 
20 5827711 476779 EOl -.181875 
25 955859391 825 194 E03 -.136700 
30 178463482459 158167 E06 -.113728 
35 36121310699364 352284 E08 -.099467 
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automorphism group of each of these is some power of 2. Here are the first few 
terms of this series: 
+x’2(y+2y2+2y3+y4)+ a.-. 
(1) 
Note that p(x, 1) -x is just the generating function for unlabeled binary trees. Com- 
pare (1) with the two-variable series (35) and (37) of [4] that Etherington used to 
count planted, plane (1,3)-trees. We used the generating function relation 
P(X, Y)=x+~x(P(x,Y)2--P(x2, Y2))+xYP(x2V r2) (2) 
to calculate the coefficients of xp(x,y) up to x136. For example, we find that the 
number of automorphisms of planted (1,3)-trees of order 100 is 118 829 269 415 
696 976 059 298. The Fortran programs that accomplished this task for n 5 136 took 
350 seconds on the CDC Cyber 750 in the Computer Laboratory at Michigan State 
University. 
An adaptation of the twenty-step algorithm [6] was used to determine the behavior 
of the coefficients of t&2) for large n. For each type of locally restricted tree, the 
number of automorphisms of trees of order n is asymptotic to 
ce 
-kkp5/2 
9 (3) 
where Q is the radius of convergence of t(x, 2), c depends on d and Q, and k = n for 
d-trees but k = +n for (1,3)-trees and k= +(n + 1) for (1,4)-trees. The results of the 
computation of c and Q for d = 3 and 4 are given in Table 1 where they have been 
rounded down from 27 digits. 
Exact numbers of automorphisms for the four types of trees are given in Tables 
2-5. This data is compared with the asymptotic number from formula (3) for 3-trees 
and 4-trees while a slight refinement of (3) gave better results for (1,3)-trees and 
(1,4)-trees. 
The computation of the exact numbers, and hence the selection for the tables, was 
limited by both the available accuracy of 27 double precision floating point digits 
and storage restrictions. Thus the range of Table 4 for (1,4)-trees is not large enough 
to exhibit the nice decline in the relative error one finds in the other tables. In fact, 
there is a massive jump in the relative error at 53 vertices. The following observa- 
tions account for this phenomenon. First note that there are a great many highly 
symmetric (1,4)-trees whenever the number of vertices is of the form n = 5 + 6(3’ - 1). 
These trees cause the jump as n passes from 47 to 59. Their existence is not reflected 
at all in the asymptotic formula (3) or its refinements and so their effect is negligible 
for large n. Similar but much smaller jumps occur in the case of (1,3)-trees. But their 
effect is seen only when the number of vertices is less than 50, which is well below 
the range of Table 2. 
Otter [9] showed that the number of d-trees behaves in exactly the same way as 
indicated in expression (3) but with different c and Q. These results, as well as those 
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Tat<e 6. Consrants for estimating ekpecred number of symmetries. 
Type u,3‘1 3 
constant 2.127043793 1.345224885 
a 1.336246851 1.048218247 
Type (L4) 4 
constant .656025392 1.554975364 
a 3.044498611 1.113149102 
for (1, d)-trees, are also covered in [2]. Hence the expected number of automorphisms 
is asymptotic to a constant multiple of ak, where a is the ratio of the two radii. 
The appropriate constants and the ratios are provided in Table 6. 
Definitions not included here may be found in [SJ. Additional data and details 
of proofs are available in [7,8] or from the second author. 
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